MAXIMAL REGULARITY AND GLOBAL EXISTENCE OF 
SOLUTIONS TO A QUASILINEAR THERMOELASTIC PLATE 

SYSTEM 



Irena Lasiecka 

Department of Mathematics 
University of Virginia 
Charlottesville, VA 22903, USA 

MATHIAS Wilke 

Institut fur Mathematik 
Martin-Luther-Universitat Halle-Wittenberg 
06099 Halle, Germany 

Dedicated to Jerry Goldstein on the occasion of his 70th birthday. 

Abstract. We consider a quasilinear PDE system which models nonlinear 
vibrations of a thermoelastic plate defined on a bounded domain in R n . Well- 
posedness of solutions reconstructing maximal parabolic regularity in nonlinear 
thermoelastic plate is established. In addition, exponential decay rates for 
strong solutions are also shown. 

1. Introduction 

In this paper we study the existence and exponential stability of solutions to a 
quasilinear system arising in the modeling of nonlinear thermoelastic plates. The 
mathematical analysis of thermoelastic systems has attracted a lot of attention over 
the years. An array of new and fundamental results in the area of wellposedness 
and stability of solutions to both linear and nonlinear thermoelasticity have been 
contributed to the field (see [H QU HI H3 USSl US and references therein). 

The focus of this paper is on thermoelastic plates and associated uniform stability 
issues. This particular class of problems has received considerable attention in re- 
cent years, particularly in the context of some new developments in control theory. 
Questions such as exponential stability, controllability, observability, unique contin- 
uation have been asked and partially answered for both linear and nonlinear plates 
(see and references therein). While there is at present a vast literature dealing 
with well-posedness and stability of linear and semilinear thermoelastic equations 
(see above), the treatment of quasilinear and fully nonlinear models defined on 
multidimensional domains is much more subtle and requires different mathematical 
approaches. This paper deals with global and smooth solutions defined for small 
initial data. 
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The equations we consider arise from a model that takes into account the cou- 
pling between elastic, magnetic and thermal fields in a nonlinear elastic plate model 
(see pQ, [5], [35], [35], [H]). In non-dimensional form, the equations we consider 
are given below in (|T|)- (J3j) . The nonlinearity arises from the nature of the magne- 
toelastic material, owing to a nonlinear dependence between the intensities of the 
deformation and stress. We also assume that the material nonlinearity is cubic, as 
in the original plate model |19) . However, the arguments provided depend neither 
on structure of nonlinearity nor on the order near the origin. We put this general- 
ization in evidence by considering a more general system under the sole Assumption 
1 (see below). 

Let fl be a bounded domain of R n , n € N, with boundary dfl G C 2 . Consider 
the system 

(11 { W « + A " W ~ AQ + aA (( A ^) 3 ) = I in Q x (o T) 

(2) W = AW = 6 = on 90 x (0, T) (Boundary Conditions) 



W(x,0)=f(x) (x G ft) 
(3) { W t (x,0)=g(x) (x G 0) 

G(x,0) = h(x) (ie!!) 



(Initial Conditions). 



We assume that the material constant a is positive. 

In fact, in what follows we will be able to obtain results for a more general 
version of equation ([1]) where the cubic nonlinearity is replaced by a more general 
nonlinear function of superlinear growth. More specifically, we consider 

,A\ f Wtt + & 2 W - A6 + aA(<f>(AW)) = \ . 

where the function <j) satisfies: 

Assumption 1: <f> G C* 3 -(M), 0(0) = 0'(O) = 0"(O) = 0. 



2. Main Results 

2.1. Notation. Let J = (0, T), where T may be finite or oo. For p G (1, oo) we 
introduce the following function spaces 

-Wi 



. x ee [L p (n)} 3 , x 1 ee [Wp 2 (n) n wl (n)f. 

. L P (J,X ) = [L P (J,L P (Q))] 3 , L P (J,A!) = [L p (J,W^(Q)nWl (Q))} 3 , 
. W p 1 (J,X ) = [W; 1 (J,£ p (n))] 3 



A p - (JTo.-^l)l-ij, - r. , 2 (l-l/p) 



[% 2(1 - 1/p) (fi)] 3 , ifl<p<3/2, 
G [W p 2(1 - 1/p) (ft)] 3 : = 0}, if p > 3/2. 



For /i G (1/p, 1] we set 

• L PlM (J; A ) := {u : J -> A : [t ^ i 1 "^*)] £ L p ( J; A )},. 

• E . M (J) :=L P , P (J;A ) 

. E M (J) :=^(J;A )nL p>M (J; Ax) 
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• X p ^ is given by 

: = (Xo,X 1 )^_ 1 /pp 

f [ W 2(M-i/ P ) (n)]3j if 1< /zp < 3/2, 

\ {n e (ft)] 3 : = 0}, if W > 3/2. 

Given uj > 0, then 

• e- w E j;M (J) := e E,- M (J) : [i e""u(i)] e E,- i/t (J)}, j £ {0, 1}. 
If X is some Banach space, then 

• e-"BUC(J,X) ={u: J ->• X :[*(-> e wt |w(i)| x ] is bdd. and unif. cont.}. 

• e^C (R+;X) := {u e e"*Bt/C*(K+; X) : e wi |u(t)| x -> as f -> oo}. 

2.2. Formulation of the result. 

Theorem 2.1. Lei n e N, p > 1 + | and /i S (^^Tj !]• Assume that <j> satisfies 
Assumption 1. With reference to the problem flp-Op let 

x(0) := (AW(0), W t (0), 6(0)) E X P>M . 

TTien the following assertions hold. 

(1) There exists p > such that for all \x(0)\x p M < p and for every T > i/iere 
zs a unique solution x(t) — (AW(t),Wt(t),Q(t)) of wzt/i maximal 

parabolic regularity 

(Aw,w t ,Q) e [Lp^(j-w^m 3 n [%yj,L p (f>))] 3 n [sc/CCJ,^- 2 ^^))] 3 . 

^ 7/ in addition p > (n + 4)/2, £t G + §, 1] and 0'(s) > for all s e R. 
then the same conclusion holds with no restriction on the size of initial 
data, provided T > is sufficiently small. 

(3) There exists uj > and a constant C > such that for \x(0)\x p < p the 
following exponential estimate holds: 

\x(t)\ x ^ < Ce- ut \x(0)\ x ^, t>0. 

(4) For all a > there exists u > (independent of a) and a constant C {a) > 
such that for |a;(0)|x p M < P the following exponential decay rate holds: 

\x(t)\ Xp <C(a)e-^\x(0)\ Xp ^, t > a, 

where C(<j) — > oo as a — > 0. 

By specializing <f> to </>(s) = s 3 we obtain at once 

Corollary 1. The result stated in Theorem \2.1\ avvlies to the original model (Qp. 

Remark 1. The result obtained in Theorem 12 . 1 1 uses weighted norms X p ^. For [i — 
1 one obtains 'classical' L p estimates. These norms account for singularity at the 
origin and provide trade-off between singularity and additional fractional regularity. 
Takings — > oo allows to obtain "almost" Loo-estimates. This is reminiscent to some 
of the framework introduced in [42J [44] 
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2.3. Comments. 

(1) It is interesting to contrast the result of Theorem 12.11 with the one of The- 
orem 1.3 and Theorem 1.5 of [32] obtained for the original model (JTJ)- d3j) 
within the framework of theory. More specifically, in [32 global existence 
and exponential decay rates are shown in the so called finite energy which 
is [^2(^)1 3 for the variable x(t). There is no uniqueness result obtained 
within this framework. This, of course, raises a familiar dilemma of dis- 
crepancy between uniqueness and globality of solutions. It is an interesting 
problem that is still open to the best knowledge of the authors. 

(2) Unique and "small" solutions for equations ([J)-© have been also obtained 
in [3 2) within the framework of maximal regularity with the spaces C 1 (fi) . 
However, the above framework leads to the "loss" of incremental differentia- 
bility with respect to the initial data. This drawback is no longer present 
in Theorem 12.11 where the space A PiM is invariant under the flow. 

(3) One can consider more general structure of linear matrix operator in (flj as 
long as it is associated with an exponentially stable semigroup. This is to 
say that the coefficients of matrix M introduced in ([8]) may be arbitrary as 
long as all eigenvalues of M have positive real parts. 

We shall next address the issue of higher regularity of solutions given by Theorem 
12.11 Among other things it will be shown below that under the additional assump- 
tion that 4> S C°° , the solution x(t) is infinitely many times differentiable in time 
away from t = 0. 

Theorem 2.2. Under the Assumptions of Theorem \2.1\ and with 4> £ C°°(K) we 
obtain for all k £ N that x^ £ e~ UJ C^°( J a , X p ), for each a > 0, where J a = [a, 00). 
In addition, if [s ^ 4>(s)] is real analytic, then [(0, 00) 3 t 1— > x(t)] is real analytic 
with values in X p . 

3. Proof of Theorem 12.11 

The proof employs techniques developed in the context of abstract parabolic 
problems and related maximal regularity. 

3.1. Abstract parabolic problems and maximal regularity. Let A be a given 
Banach space and J = [0, T] or J = [0, 00) and let A : D(A) C A — > X be a closed 
operator that is also densely defined . Consider an abstract Cauchy problem 

(5) u t = Au{t) + f(t), t e J, u(0) = u Q . 

Definition 3.1. We say that A admits maximal L p — regularity on J with some 
p e (l,oo) iff for each / £ L p (J\X) and uq = 0, problem ([5|) admits a unique 
solution u S E(J) := W p ( J; A) n L p (J; D A ), where D A := (D(A), \ ■ \ A ). 

The space E(J) is continuously embedded into BUC( J; trE) where the trace 
space tr E is defined as 

trE = D A (1 - l/p,p) = (A, -Da)i-i/ P j> 

and (■, denotes the real interpolation method. 

Definition 3.2. We say that the abstract inhomogeneous Cauchy problem admits 
maximal L p regularity, if the solution map 
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is a topological isomorphism 

L p (J;X) x trE^E(J) C BUC(J; trE) 

In particular, the following estimate holds for operators A with maximal L p 
regularity: 

(6) He(/) < M{J){\f\ Lp[J , x) + |n | trE ). 

3.2. Setting up <[2j)- as an abstract parabolic problem. We define [41"|l37] 

U := W u Z := AW and set x := (Z, U, 6). 

The differential operator A, equipped with zero Dirichlet boundary conditions, 
generates an analytic semigroup on L p (Q). With the above notation, the original 
system can be written in the following operator form: 



(7) 

Denoting 
(8) 



Xi 





-1 



A := A 



1 
1 
-1 1 



1 

-1 
-1 








x — aA 


<t>{Z) 








AM 



where M is 3 x 3 nonsingular matrix with eigenvalues having positive real parts. It 
is easily seen that A is the generator of an exponentially stable analytic semigroup 
e At on Xq := L p {VL) x L p (£l) x L p (n) and (O can be rewritten as 



(9) 

where 



x t = Ax + AF(x) 



F(x) := a [ <j){Z) ] T . 
Equation © is a nonlinear abstract parabolic system defined on X . The nonlin- 
earity enters via the generator A, and so solvability of the system must depend 
on "maximal regularity" properties [TU |42l [47] . Since maximal regularity does not 
hold within the context of the Loo([0, T]; Xo)-topology [42] . one should consider the 
problem within the framework of L p -spaces. 

3.3. Representation as a quasilinear abstract parabolic system. Rewriting 

A(t>{u) = <j>'(u)Au + (/."(u)|Vu| 2 , 

we obtain from ([9]) that 

ar t = Ax - a [ 0, </>'(Z)AZ + <f>"(Z)\VZ\ 2 

Denoting 



i>'{Z)A 



.0 



(10) 



A{x) 



A 



A + B{Z), 





leads to the consideration of a quasilinear system of the form: 

(11) xt=A(x)x + f(x), 

where 

f(x) = -a[ 0, cj>"(Z)\VZ\\ ] T . 
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Equation (|11J is a quasilinear abstract parabolic system. Since A = MA where 
M is a real valued 3x3 matrix with eigenvalues possessing positive real parts, 
the operator A has maximal parabolic regularity when considered on the space 
L p (J,Xq) (see e.g. [Hj). The interval J can be extended to the positive real axis 
due to exponential stability of e At . This of course implies that A(0) = A enjoys 
maximal parabolic regularity on J = (0, oo) = R+. By [47] the operator A has the 
property of maximal parabolic regularity in the weighted L p -spaces 

L p ^(J;X ) := {u : J -> X : [t ^ t 1 ""^)] G L p (J;X )}, 

where /i G (1/p, 1]. In particular, in [47] the authors have shown that the problem 

v t = Av + /, v(0) = v 

has a unique solution 

v G W£„(J;*b) ni PlM (J;Xi) =: E 1|M (J) 
if and only if / G L p ^(J;X ) =: E , M (J) and 

«0 G ^p,M : = (^0)-D(^.))ai-1/p,P 

= J[v^- 1/P) (tt)] 3 , 

\{ U G^- 1/p) (f7)] 3 : U | an 
Moreover the estimate 

|wk,„(j) < C(|/| Eo , tl (J) + \ v o\x p ,J 

holds for some constant C > 0. 

Let s(j4) < be the spectral bound of A and let / G e~"L PiM ( J; Xq) as well as 
Uo € be given. Consider the problem 

(12) «t = Av + f, v(0) = v a 

in e~ u L Ptfl (J; Xo). The scaled function u(t) — e UJt v(t) then solves the problem 

(13) u t = (A + uj)u + e wt f, u(0) = v . 

Note that s(A + to) = s(A) + u> < if us G [0, — s(A)). Since by assumption 
e ut f G L P ^(J; Xq) and vo G X Ptll it follows that there exists a unique solution 
u G Ex u(J) of (|13p . But this in turn implies that there exists a unique solution 
v G e~ w Ei u(J) of problem (|12p satisfying the estimate 

b|e-<-Ei,„(J) < C f (|/le-«E 0lM (J) + l»o|x M ). 

In other words we have shown that the operator A has maximal parabolic regularity 
in the weighted spaces e~"L PiM (J; Xq) as long as u G [0, — s(A)) and fi G (1/p, 1]. 

The above allows to consider system (jllj) within this maximal regularity frame- 
work. In order to be able to use maximal regularity theory we need to verify several 
assumptions regarding the operator A(x) and the forcing term f(x). This is done 
below. 



if 1 < fip < 3/2, 
= 0}, if fip > 3/2. 
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3.4. Supporting estimates. We shall present several estimates which will be used 
later for the proof of main theorems. 

Lemma 3.3. Let p > 2±2, fi G (^±2, 1] and u > . Then 

(1) The map (V, x) ^ cf>'(V)Ax takes 
e^BUC^W^-^Hn)) x e— L p>M (J,Xx) -> e~ u L p ^J; X ))). 

(2) The map (V, Z) i-> <p"(V)(W ■ VZ) ta/fces 
e^BC/CfJ,^^ 1 ^^) x e-"L p>tl (J, W^Sl)) e - w £p, M (J,L p (n)) 

Proof. (1) For p > s±2 an d ^ 6 (2±2, 1] one has 2(/i - 1/p) - 2 > 0, hence 

W 2( M -i/ P ) (n) ^ Loo(0) 

Therefore <£'(V) is a multiplier on 6 u Lrp^(J : Xo). This along with the 
boundedness of A : X± — > Xq proves the claim. 
(2) Since we already know that 4>"(V) is in e~ u BUC(J, Loo(f2)) it suffices to 
analyze the mapping (V, Z) i-> VV ■ VZ. Our aim is to show that 

(14) Vy-VZee-"L M (J;L p (!])) 

for V 6 e-»BUC(J, Wp {tl ~ 1/p} (n)) and Z e e - u L Pifi (J, Wp 2 (Q)). 
or alternatively 

(15) W G e-"S?7C(J,% 2( ' J ^ 1/p) - 1 (f7)), and VZ e e -w Lp )M (J, W^(Jl)) 

Applying Holder's inequality with r, f exponents yields 



(16) 



e ^t| VZ |P| W |P£(l- M ) P(fa , dt < 

^ 



The choice of Holder's exponent will depend on the relation between p and 
n. Since fx > 2±2 ; Sobolev's embeddings imply 

(17) w^- 1 - 2 ^ (n) L n (n) 

Moreover 

!£np/(n-p)( fi ) P<« 

Loc(O) p > n 

L q (Q),q e [l,oo) p = n 

If p < n,we set r = n/(n — p) and f = n/p. Conversely, if p > n then we 
choose r = oo and f = 1 

In case p — n we use (TTT)) , (fT5)) and the strict inequality for [i. This 
yields W, 2 ^ 1 2 ^ n (il) ^ L n+£ (Q) for a sufficiently small e > 0. Defining 
f := (n + e)/n > 1 and q = pr = pf/{f — 1) we finally obtain the desired 
estimate 

f e upt \VZ\ p \S/V\ p t^-^ p dxdt 
Jn 

i-T 
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valid for all p > 1 + n/2 and fi G , 1]. 

□ 

3.5. Solvability of a linear non-autonomous auxiliary problem. We begin 
with an auxiliary lemma which provides solvability for the linear equation with 
variable time and space coefficients. The coefficients are assumed to be sufficiently 
smooth (in line with maximal parabolic regularity) and also of sufficiently small 
variation. The corresponding result is given below. 

Lemma 3.4. Let p > ^±2, n G R±2, 1], oj G [0, -s(A)) and 



V G e~"BUC(J; Wp [p 1/p> (n)) such that \\V\\ e ^ BUC{J . w 2 (f >-i, p)) < p. Then th 



r 2(M-l/p)| 

exists po > such that for all p G (0, po) the linear problem 
(19) x t = A(V)x + f(V, x), x(0) = x G X Pu 



ere 



with 



A(V) =A + B(V), B(V) = -a 




4>'{V)A 




/(V, x) = -a[0, <f>"(V)VV ■ VZ, Of 
has a unique solution x = (Z^U^O) G e _ "Ei iM (J) which satisfies the estimate 

\x\ e -u, Elifi < [C(po) + c]\x \ Xp>ll . 
where C(po) — > when po — > 0. 
Proof. We first solve the problem 

v t = Av, v(0) = x 

in e _w E ^ 1 (J). This yields a solution v — e At x G e~"Ei iM (J) satisfying the esti- 
mate 



(20) M e -. El „ < C|x 



Our next step is to homogenize the equation with respect to the initial data. For 
this we introduce change of variable w := x — v , so that w\t=o — 0. Then the 
sought after solution x can be expressed as x := w + v where w solves 

(21) w t = A(V)w + f(V, w) + g, w(0) = 0, 

with g := —B(V)v — f(V,v) G e~"Eo ifl (J) being a given function. The regularity 
g G e~ w Eo !A1 (J) follows directly from Lemma 1331 Thus, our goal is reduced to 
establishing well-posedness of (pH]) . Writing A(V) = A + B(V), where A has 
maximal parabolic regularity in e~ LJ Eo^(J), we may rewrite linear equation in w 
given in (|2H as 

w=(d t - A)~ 1 [B(V)w + f(V, w) + g] 

in the space e - " oEi.^(J). By Lemma 13.31 and maximal parabolic regularity of A, 
which then implies invertibility of (dt — A)^ 1 from e _ "Eo iAt into e _CJ Ei iAt , we obtain 
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the estimate 
\(d t -A)-i[B(V)w + f(V,w)]\ e -„ Mlit 

<c(Vaoi Loc(Loo) + 

+ ^"OOU-^-OMe— fltrc . (W r»C»«-i/p) {n)) )|«»| e -«Ki lfl 

- C \ V \l-"Buc(w^- 1/p Hn))\ w \ e "-' E ^ 

where s > by the assumption imposed on <f>. Therefore, if p G (0, po) and po > 
is sufficiently small, a Neumann series argument yields the statement. Recall that 
equation for w is linear ( w \— > f(V,w) is also linear). The above and maximal 
regularity imply the estimate for w 

He-Ex,,, < C\g\e'^ < Cp s \v\ e -^ < Cp s \x \ Xp ^ 

The above estimate along with the estimate in (|2T))) leads to the final conclusion in 
the Lemma. □ 

3.6. Analysis of nonlinear equation and completion of the proof. We shall 
apply Banach's fixed point theorem. Let po > from the preceding lemma and 

W := {W G e- u BUC(J;X p ^) : W(0) = x and |W| e -BC/C(J ; X P , M ) < ph 

p G (0, po)- For VF = (Wi, W2, Wa) G W define T(W) = a; to be the unique solution 
of ((111), where V — Wi E e~» BUC(J; X p ^) and (L p (fi), D(A D ))^ 1/PtP . 

Note that T is well-defined by Lemma 13.41 and we have the estimate 

(22) \T(W)\e-^ = Me-Ex,, < [C(po) + c]|x |^„. 

From now on we assume that |xo|jf p „ < 5. This yields 

<M\T(W)\ e -^<M[C( Po ) + c]6. 

Here M > 1 denotes the embedding constant from e~ w Ei iM e~ u BUC( J; X p ^). 
Therefore, if 8 = p/{M(C(p a ) + c)), it follows that T(W) C_W. 

We shall now show that T is a contraction on W. Let W,W € W and x = 7~(W), 
x = T(W). By the proof of Lemma [3T4l we have 

x - x = (d t - A)- 1 [B(V)x - B(V)x + f(V, x) - f(V, x)}, 

since (x — x)(0) = 0. ft follows that 

\x - z| e -»E li(1 < C(\B(V)x - B(V)x\ e -^ 0> „ + \f(V, x) - f(V, x)\ e - UEo J. 

For the first term on the right side we estimate as follows. 

\B(V)x - B(V)x\ e - u ^ < \B(V)(x - x)\ e - UMOitt + \(B(V) - B(V))x\ e -^ 

< C[p S \x - x| e -* El ,„ + p\V - 7| e _„ BUC (J;X p ,^\ A %\e-»®oJ 

< C[p s \x - x\ e -. Klai + p\V - V\ e ^ BUC{J .x p Jx\ e -^ El J 

< C[ P s \x - x\ e -, El ^ + p 2 \V - V\ e ^ BUC(J . Xp J 

< C[p s \x - x\ e -^ + P 2 \W - W\ e -„ BUC{J . Xp J 
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for some s > 0, since \V\ e - UBVCiJ;ip>ii) , \V\ e -«, BUC{J . Xp ^, Me—*.,. ^ P and 
X v ^ Loo(f^)- In a similar way we obtain 

\f(V,x) - f(V, x)| e - W Eo.„ < Cp s (\x- S| e -« Eli „ + \W- W\ e - UBUC{ j., Xp J , 
for some s > 0, by Assumption 1. Since 
\ T (W) - T{W)\ e -„ BUC{J . M < M\T(W) - T(W)\e-^ = M\x - x\ e - UEl>M 

it follows that T is a strict contraction on W provided that p > is sufficiently 
small. The contraction mapping principle yields a unique fixed point i, £ W of T, 
i.e. T(x*) = x*. By construction of 7~, the fixed point x* is the unique solution of 
(ITT1) in e~"lEi iM . Moreover x* satisfies 

\x*\e-"C (J;X p ,„) < Ml\Xi.\ e -„ Ml ^(j) < Ml [C(p ) + c] \x \x Ptli , 

as well as 

\x*\e-«C (J„;X p ) < M 2 \x* | e — Ex^) < 

< M 2 a' 1 - 1 |x*| e -. Eli(i(J) < Mae^-^CCpo) +c]|»ok Pl( ., 

where Jcr = [a, oo) for some a > and J = Jo- Here the constant Mi > comes 
from the embedding (see [37]) 

e- u Ei, M (J) ^e- w C (J;X p , M ) 

and the constant M2 > does not depend on a > 0. This can be seen as follows. 



Me- W )=/ e^\x*(t)\ Xi dt+ e^\x*(t)\ Xo dt 

= e up °[j e upT \x*{T + a)\ Xl dT + J e" pT \x*(r + a)\ Xo dr 
= e^\T(<r)x^ Ei{J) > J^[supe^+ ff )|^(r + c7)UJ p 

= ^[ S upe^\x4t)\ Xp ] p 

where [T(<r)/](r) := /(r + cr), r, er > 0, is the semigroup of left-translations and 
Mi > denotes the embedding constant associated to 

e- u E 1 (J)^e- u C (J;X p ). 

This yields the estimates 

\x*{t)\x P „<M 1 [C{p ) + c]e- ut \x (s \x p ^ t>0, 

and 

\x*(t)\x, < M 2 a^ 1 [C(p ) + c]e- ut \x \x p> „ t>a>0, 
valid for all |xo|x PM < S. It follows that x*(t) — > in X p as < — > 00 at an 
exponential rate and the trivial equilibrium of (jlll) is exponentially stable in X Pjll 
for ^ G (^2, 1]. This proves assertion (1), (3) & (4). 

If in addition p > (n + 4)/2, p G + |, 1] and <£'(s) > for all s G K and 

xo is not necessarily small in X PifJi , then one can show that there exists a possibly 
small T = T(x ) > such that ©-(2J) has a unique solution 

(Aw,w u e) e [x PiM (j ; w^n))} 3 n [^(j,L p (n))] 3 n [5[/c(j,w^- 2 ^(tt))] 3 . 
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J = [0, T]. This follows from the lines of the proof of [26l Theorem 2.1], hence 
assertion (2) follows. 

4. Proof of Theorem 12.21 



The proof of Theorem 12.21 follows from Theorem 12.11 and a suitable application 
of the implicit function theorem (see [E]), which gives both differentiability and 
analyticity of the nonlinear flow. The parameter trick which will be applied below 
goes back to [3] and in the context of maximal regularity it has been applied e.g. 
in [46]. 

4.1. Differentiability of solutions. We will show that 

[x^(A(x)J(x))} eC 1 (e-"E 1 ^(J);e^BUC(J;C(X 1 ,X )) x e -"E , M (J)). 
where 

A(x) =A + B(Z) and f(x) = -a[Q, </>"(Z)|AZ| 2 , 0] T 
To this end, let <fi satisfy Assumption 1 and, in addition, assume that <j> £ C 3 (M). 
The natural candidate for f'(x*)x is 



4>'"{Z,)Z\VZJ 2 +20"(Z»)(VZ»,VZ) 




f'(x*)x = -a 



We have 

f(x* + x)- /(as.) - f'(x m )x = -a[0, A(Z, Z.) + f 2 (Z, Z») + f 3 (Z, Z m ), 0] T , 
where 

h(Z,Z*) := (ct>"(Z* +Z)- <P"(Z*) - <f>'"(Z*)Z)\VZA 2 
f 2 (Z : Z.):= 2(VZ*\VZ)(<p"(Z* +Z)- f{Z*)) 

and 

f 3 (Z, Z,) :=^"{Z* + Z)\VZ\ 2 

Since <p S C 3 (K), it is easy to check the desired C 1 -property for [a; i— > f(x)] with 
the help of Lemma 13.31 In the same way (which is actually easier) one can show 
that [a; *->■ A(x)} with A(x) := A + B(x) is C 1 with 



[B' (x*)x]x* = —a 



b"(Zi,)ZAZ* 




Let x*(t) be the solution according to Theorem 12. II We introduce a new function 
x\(t) :— x*(\t) for A e (1 — e, 1 + e) and t G J. It follows that d t x\ = \(dtx*)(\t), 
hence 

d t x x (t) + XA(x x (t))x x (t) = Xf(x x (t)), t g J, x A (0) = a; ( 0). 
Define a mapping H : (1 — e, 1 + e) X e _ "Ei, /i ( J) -> e _w E 0l([1 (J) x X Pj/i by 

H(X,x) = (d t x + \A(x)x - \f(x),x{0) -x*(0)) 
Note that F(l,ac*) =0, H e C 1 ((l -e,l + e) x e^Ei^J)) and 

D X H(X, x*)x = (d t x + \[A'(x*)x]x* + AA(x*)x — Af'(x*)x, x(0)), 
by the differentiability properties of A and /. This yields 

DxZT (1, x*)x = (d t x + [B'(x*)x]x* + A(x*)x - f'{x,)x, x(0)), 
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where as before A(x) — A + B(x). We already know that 

|s*le-»Ex )(4 (j) < C\x»(0)\ Xp>lt 

by (J22J. This yields 

\[B' (x*)x\x*\ e -» So ^j) < a\4>"(Z*)ZAZJ e - UMoai{J) 

< a\<j) (Z*)\ e -"BUC(Jxn) \Z\e-"BUC(Jxn)\Z*\e- u ~Ki, fl (J) 

< C\x*\ s e -u lBUC ( J . Xp )\ x \e-"Ei, )i (J)\ x *\e-"'K 1 , li (j) 
<C5 l+s \x\ e -^ AJ) , 

if \x*(0)\x p fl < <5. Similarly one can show that 

\B(x*)x - f {x*)x\ e -» %0 ^ {J) < CT s |a;| e -c Eli(t( j ) . 

It follows that if 6 > is sufficiently small, then the linear operator 

[x h-> [B 1 (x*)x]x* + B(x*)x — f'(x*)x] 

is a small perturbation of [x i— > Ax]. A Neumann series argument as in Lemma 
I3H yields that the operator D x H(l,x*) : e~ w Ei^(J) -> e -a, E 0)/i (J) X X Pill is 
an isomorphism. Therefore, by the implicit function theorem (see e.g. Theorem 
15.1 in [13]), we obtain a C 1 -mapping $ : (1 — 77, 1 + rj) — > e _w Ei iAl (J) such that 
H(X, $(A)) = for all A G (1 — 77, 1 + 77) and $(1) = £». By uniqueness it follows 
that x\(t) = x*(Ai) agrees with $(A)(t), hence a; A = $(A) G e _w Ei iM (J) is C 1 
in A 6 (1 — 77, 1 + 77) with derivative d\x\(t) — t(d t x*)(\t). Evaluating at A = 1 
yields [t H> td t x*(t)\ G e _ "Ei^(J), hence dt{tx*) = td t x* + x* G e~"Ei iAl (J) 
e _w Co(J; Af PjM ). If we restrict ourselves to intervals J a := [a, 00), cr > 0, we may 
drop the factor rj to obtain 

G e-"[W 2 v { J a ; X ) D W*( J ff ; Zi) n C X (J CT ; 

4.2. Higher order differentiability. If G C fe+2 (M), fc G N U {00} then one 
can show that A and / are C k , hence H is C k . Therefore, a corollary of the 
implicit function theorem (see e.g. Corollary 15.1 in [Tj5]) implies that $ is C , 
hence [) h> ij = $(A)] is C fc and then, by computing reiterated derivatives, we 
obtain [rj i-> t fc x^ fe) (rj)] G e""Ei iM (J) for all k G N. Consequently, we obtain 

X, g e- u [^ +1 (J„;i )n^(J ff ;ii)nC fc (J ff ;i P )]. 

4.3. Analyticity. If <f> is even real analytic, then A and / are real analytic and 
then so is H . The real analytic version of the implicit function theorem (see e.g. [T31 
Theorem 15.3]) yields that $ is real analytic, hence [A 1— > x\] is real analytic. Let 
to > be fixed and define e(x) := x(t ). It is easy to see that e G £(e _w Ei(J CT ); X p ), 
hence [A X\(to) — x*(\to)] is real analytic. But since this is true for any t > 0, 
we obtain that is real analytic for all t > with values in X p . 
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